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Abstract. Let R be a Noetherian ring, / an ideal of R and M a ZD-module. Let 
S be a Melkersson subcategory with respect to / such that M/IM ^ S. We show 
that all maximal 5-sequences on M in /, have equal length. If this common length 



is denoted by S - depth 7 (M), then S - depth 7 (M) = inf{/ : H\{M) (/ S}. 



1. Introduction 

u 

^ . Throughout this paper, R is a commutative Noetherian ring with non-zero iden- 

tity, / an ideal of R, M an 7?-module and t an integer. For notations and terminologies 

-i— > \ 

not given in this paper, the reader is referred to [4] and [5 ] if necessary. 

As a generalization of finitely generated modules, Evans [7] introduced ZD- 
modules. An 7?-module M is said to be zero-divisor module (ZD-module), if Zr{M) 
^ ! is a finite union of prime ideals in Ass^M. According to [0 Example 2.2], the class 

of ZD-modules is much larger than that of finitely generated modules. 

Let S be a Serre subcategory of the category of 7?-modules. The notion of S- 

m . _ 

sequences on M, is defined by Aghapoumahr and Melkersson [1]. An element a of 

CO 1 

R is called 5-regular on M, if \m a £ S. A sequence a\, . . . ,a t is an 5-sequence 

on M, if at is 5-regular on M/ (ai, . . . ,a,_i)M for i = 1, . . . ,t. Suppose that 5 is a 

Melkersson subcategory with respect to /, M is a finitely generated 7?-module and 
H ■ _ 

M/IM ^ S. In IB Lemma 2.14(b)], it is proved that the length of all maximal 5- 

sequences on M in /, is equal to inf{i : Ext^(i?/7,M) ^ S}. If this common length 

is denoted by S-depth^M), then S-depth^M) = inf{/ : H\{M) £ S}; see 0] 

Theorem 2.18(a)]. 

In this paper, we generalize these results to the ZD-modules. 

2. Main Results 

Recall that R is a Noetherian ring, / is an ideal of R and M is an i?-module. 
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Definition 2.1. A full subcategory of the category of ^-modules is said to be Serre 
subcategory, if it is closed under taking submodules, quotients and extensions. A 
Serre subcategory S is said to be Melkersson subcategory with respect to /, if for 
any /-torsion 7?-module M, \m 1 G S implies that M E S. A Serre subcategory is 
called Melkersson subcategory, when it is a Melkersson subcategory with respect to 
all ideals of R. 

It is proved that if a Serre subcategory is closed under taking injective hulls, then 
it is a Melkersson subcategory; see fl] Lemma 2.2]. 

Example 2.2. [1 , Example 2.4] The following classes of modules are Serre subcat- 
egories closed under taking injective hulls and hence are Melkersson subcategories. 

(a) The class of zero modules. 

(b) The class of Artinian R- modules. 

(c) The class of R-modules with finite support. 

(d) The class of all R-modules M with dim^M < k, where k is a non-negative 
integer. When k = 0, we get the class of semiartinian modules, i.e. the 
modules M with Supp^M C Max (R). 

Example 2.3. [1 1 Example 2.5] The class of 7-cofinite Artinian modules is a Melk- 
ersson subcategory with respect to /, but is not closed under taking injective hulls. 

Aghapoumahr and Melkersson [fl] introduced the notion of S-sequences on M as 
a generalization of regular sequences. 

Definition 2.4. An element a of R is called S-regular on M, if \m a E S. A se- 
quence a\,. . . ,a t is an S-sequence on M, if a, is 5-regular on M/(a\, . . . ,a,-_i)M for 
i = l,...,t. The S-sequence a\,...,a t is said to be maximal S-sequence on M, if 
fli, . . . ,a t ,y is not an S-sequence on M for any y E R. 

Example 2.5. flU Example 2.8] Let S be as in Example I2T21 S-sequences on M are 
just: 

(a) Poor M-sequences, [ffi Definition 6.2.1]. 

(b) Filter-regular sequences which have been defined in the local case for finitely 
generated modules in |[T2l . 
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(c) Generalized regular sequences which have been defined in the local case for 
finitely generated modules in |[TT1 Definition 2.1]. 

(d) M- sequences in dimension > k which have been defined for finitely gener- 
ated modules in [|3l Definition 2.1]. 

Lemma 2.6. IfM/IM ^ S, then every S- sequence on M in I, can be extended to a 
maximal one. 

Proof. Suppose that a\,a2 1 aj n ... is a sequence of elements of / such that for any 
positive integer t, the finite sequence a\, . . . ,a t is an 5-sequence on M, and look 
for a contradiction. Then, for any positive integer t, we must have (ai,...,a t ) C 
(ai, . . .,a t ,a t +i); otherwise we would have a t +\ G (a\, . . .,a t ), so Mj (ai, . . .,a t )M 
= '■M/{a u ...,a,)M a t+l e S. Hence M/IM = {M/{a\,. . .,a t )M) ® R R/I e S which is 
a contradiction. Thus 

(ai) C (ai,a 2 ) C ••• C (ai,...,a t ) C (ai, . . . ,a t ,a t+ i) C ••• 

is an infinite strictly ascending chain of ideals of R, contrary to the fact that R is 
Noetherian. □ 

Definition 2.7. An 7?-module M is said to be zero-divisor module if for any sub- 
module ./V of M, the set Z R (M/N) is a finite union of prime ideals in Ass R M/N. 

According to [|6l Example 2.2], the class of ZD-modules contains finitely gen- 
erated, Laskerian, weakly Laskerian, linearly compact and Matlis reflexive mod- 
ules. Also it contains modules whose quotients have finite Goldie dimension and 
modules with finite support, in particular Artinian modules. Therefore the class of 
ZD-modules is much larger than that of finitely generated modules. 

In the following result, we get a relation between 5-sequences and local coho- 
mology modules of ZD- modules. 

Lemma 2.8. Let I = (a\,... ,a^) be an ideal ofR, S be a Melkersson subcategory 
with respect to I and M be a ZD-module. Then the following conditions are equiv- 
alent: 

(i) H'j(M) ES for alii <t. 
(ii) Ext)j (/?//, Af) G Sfor all i < t. 
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(iii) Ext' R (N,M) E Sfor all i < t and each finitely generated module N such that 
Supple y(/). 

(iv) There is an S -sequence on M in I of length t. 

Proof. By 0] Theorem 2.9], the conditions (i) to (iii) are equivalent. We show by 
induction that (iv) is equivalent to the other conditions. 

Let t = 1. Let a E I be an S-sequence on M. Then '-yam) a = :m a E S, 
and so Ti(M) E S by 0] Theorem 2.3]. Now suppose that T/(M) E S. Since 
r/(M/r/(M)) = 0, it follows by [|6l Lemma 2.4] that / contains an element a which 
is non zero-divisor on M/T/(M). The exact sequence — > Tj(M) — > M — > 
M/Tj(M) — > induces the following exact sequence 

r (fl) (r 7 (M)) — ►r (fl) (M) -^r (a) (M/r>(M)). 

Because r (fl) (r/(Af)) = T/(M) and T ^ a) {M /T i{M)) = 0, it follows by the above 
exact sequence that (M) E S. Therefore \m a E S, and a E I is an 5-sequence 
onM. 

Now assume inductively that t > 1 and the result has been proved for smaller 
values of t. Let a\, .. .,a t be an 5-sequence on M in /. Since \m a\ E S, it follows 
by B2l Lemma 2.1] that Ext^ (A/, \m a i ) G S for all i G No and any finitely generated 
i?-module N. Therefore by equivalence of (i) and (iii), Hj(0 \m a\) E S for all i < t. 
Since a2, - ■ ■ ,a t is an 5-sequence on M/a\M, it follows by inductive hypothesis that 
H\(M/a\M) G S for all i < t — 1. Consider the 7?-homomorphism / : M -^h M. 

Since #]( Ker /) G s and ( Coker /) e s for a11 ' < k follows by (TDl Lemma 
3.1] that (0 : Hi{M) a\) = KerHj(f) E S for all i < t. Therefore Hj(M) E S for all 
i < t. 

Suppose that H\(M) E S for all i < t. Take a\ as in the proof of the case t = 1. 
Then a\ is non zero-divisor on M/Tj(M), and we may replace M with M/Tj(M) and 
assume that a\ is M-regular. The exact sequence — > M — 1 -> M — > M/a\M — > 
induces the following exact sequence 

> H\-\M/aiM) — y Hj(M) H}(M) — > H\(M/a\M) — >■■■ . 

Hence H\[M/a\M) E S for all / < t — 1. Now it follows by inductive hypothesis 
that 02, • • • ,cit is an S-sequence on Mja\M. Therefore a\, . . . ,a t is an 5-sequence on 
M. D 
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The following result is a generalization of [1 1 Lemma 2.14(b)]. 
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Theorem 2.9. Let S be a Melkersson subcategory with respect to I, and M be a 
ZD-module such that M /IM ^ S. Then the length of all maximal S-sequences on M 
in I is equal to inf{z : Ext' R (R/I,M) ^ S}. 

Proof. In view of !2.6[ we suppose that a\ , . . . , a t is a maximal 5-sequence on M in /. 
If we show that Ext R (R/I,M) G" S, then the claim follows by |2.8i First we reduce to 
the case thatai is a nonzero-divisor element on M. SinceO: r(o j(M) fl i =0:m«i G S, 
thus rV ai )(M) G 5. Hence it follows by HI Theorem 2.7(b)] that a\, . . . ,a t is an S- 
sequence on M' = M /T^(M) in /, and a\ is a regular element on M'. The exact 
sequence — > Fr ai \(M) — y M — > M' — > induces the following exact sequence 

Ex4(7?//,r (fll) (M))^Ex4(7?//,M) — > Ext' R (R/I,M') 

— ► Ex4+ 1 ( J R//,r (fll) (M)). 

Since r (fll) (M) G S, thus Extjj (R/I,T^ (M) ) G 5 f or all j G No • Therefore it follows 
by the above exact sequence that, Ext' R (R/I,M) G 5 if and only if Ext R (R/I,M') G 5. 
Now we may replace M with M' and assume that a\ is non zero-divisor on M. 

We use induction on t. Let f = 1. We suppose that Ext R (R/I,M) G S and look for 
a contradiction. The exact sequence — > M M — >M ja\M — > induces the 
following exact sequence 

— y Uom R (R/I,M/aiM) — > Ext R (R/I,M) ^ Ext R (R/I,M) — 
— y Ext' R l (R/I,M) — > Ext' R l (R/fM/ ai M) — > Ext' R (R/fM). 

Thus Hom if (2?//,r 7 (M/aiM)) = Hom R (R/I,M/aiM) G S and so Y^M/axM) G S. 
Since a\ is a maximal 5-sequence on M in /, thus '.M/a\M a^S for all a El. Hence 
for any a El, there is x a G M such that jc q + a\M G" S and a(x a + a\M) = 0. Set 
X = {x cl + aiM : a G /} and N = (X). Then JV £ S and / C Z^(iV) = U P eAss s jvP- So 
there is q G AssrN such that /C q. Thus there is a G / such that x a +a\M ^ S and 
/(xa + fliAf) =0. Therefore x a + a \M G Ti(M/a\M) and so r7(M/aiAT) ^ 5 which 
is a contradiction. 

Now assume inductively that f > 1 and the result has been proved for smaller 
values of t. Since a2,---,a t is a maximal 5-sequence on M/a\M in /, it follows 
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by inductive hypothesis that Ext^" 1 {Rf T, M/a\M) g S. Also it follows by|2J£]fhat 
Ext^ 1 (R/I,M) G S. Therefore the claim follows by the above exact sequence. □ 

Definition 2.10. Let S be a Melkersson subcategory with respect to / and M be a 
ZD-module such that M/IM S. The common length of all maximal 5-sequences 
on M in /, is denoted by S - depth/ (M). If M/IM G S, we set S - depth/ (M) = °°. 

Example 2.11. [Q3 Example 2.16] Let M be a ZD-module. The following are some 
examples of S — depth/ (M) with 5 as in Example 12 .21 

(a) It is the same as ordinary depth/ (M). 

(b) It is the same as / — depth/ (M) (filter-depth) which has been defined in the 
local case in and (HI Definition 3.3]. 

(c) It is the same as g — depth/ (M) (generalized depth) which has been defined 
in the local case in ifTTl Definition 4.2]. 

The following result is a generalization of [1 1 Lemma 2.18]. 

Corollary 2.12. Let S be a Melkersson subcategory with respect to I, and M be a 
ZD-module such that M / IM ^ S. Then 

S - depth/ (M) = inf{ i : Ext^ (R/I, M) £ S} 
= mf{i : Hj(M) £ S}. 

Proof. The first equality follows by 12.91 The second equality follows by the first 
one and |2.81 □ 

Theorem 2.13. Let S be the class of Artinian R-modules, or be the class of all R- 
modules N with dim/; N < k, where k is an integer. Let M be a finitely generated 
R-module or be a ZD-module such that M/IM G" 5". Then 

S - depth/ (M) = inf{ i : Ext^ (R/I, M) £ S} 
= mf{i : Hj(M) £ S}. 

Proof If M is a ZD-module such that M/IM G" S, then the claim follows by 12.121 
So assume that M is a finitely generated i?-module such that M/IM G S. It follows 
by Nakayama's Lemma that 

SuppflExtjf(/?//,Af) C Supp R MC]V(I) = Supp R M/IM. 
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Thus Ext* R (R/I,M) G S for all / 6 F% We note that if N is a finitely generated R- 
module with Supp^ Af C Max(R), then N is Artinian; see [[T3] Lemma 2.1]. Now we 
have 

S - depth; (Af) = °o = inf{i : Ext! R (R/I,M) <£ S}. 
By a similar method, one can get the second equality. □ 

Corollary 2.14. Let p E Spec(R). Let M be a finitely generated R-module or be a 
ZD-module such that M p / pM p ^ 0. Then 

depthMp = inf{i : ju f (p,Af) ^ 0}. 

Proof. We note that /i' (p , M) = dim^ p Ext^ p (R p / pR p , M p ) for any integer i. □ 
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